By using perturbation theory, we show that a hydrogen atom with magnetic moment due to the orbital angular momentum of the electron has "hidden momentum" in the presence of an external electric field. This means that the atomic electronic cloud has a nonzero linear momentum in its center-of-mass rest frame due to a relativistic effect. This is completely analogous to the hidden momentum that a classical current loop has in the presence of an external electric field. We discuss that this effect is essential for the validity of the Lorentz force law in quantum systems. We also connect our results to the long-standing Abraham-Minkowski debate about the momentum of light in material media.
I. INTRODUCTION
The Lorentz force is one of the fundamental laws of Nature, describing how electromagnetic fields exert force in electric charges. In a recent work, Mansuripur has presented a paradox that seemed to imply that the Lorentz force is incompatible with special relativity and momentum conservation [1] . He showed that the torque caused by the Lorentz force on a magnetic dipole in the presence of an electric field was zero in the rest frame of the dipole, but different from zero in other frames. Such an attack to the foundations of the electromagnetic theory obviously called the attention of the scientific community [2] . However, the paradox is solved when the "hidden momentum" of the magnetic dipole is taken into account [3] [4] [5] [6] [7] . Hidden momentum is a relativistic effect that may lead a magnetic dipole to carry linear momentum in the presence of an electric field even if it is not moving. In the situation described in Mansuripur paradox, there is a "hidden angular momentum" whose time derivative is equal to the torque in each reference frame, so there is no angular acceleration of the dipole and the physical description of the system in the different frames are equivalent [3] . One important lesson derived from Mansuripur paradox is that the validity of the Lorentz force law is thus conditioned to the existence of hidden momentum.
Hidden momentum was discovered almost 50 years ago [8, 9] , but so far there were only classical models for it [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . In all these models the dipole magnetic moment is the result of classical electric currents. Since the validity of the Lorentz force law is conditioned to the existence of hidden momentum, it is thus legitimate to question if the Lorentz force law is valid in quantum systems such as atoms, since the atomic magnetic moments are not the result of classical currents. In order to solve this question, we use perturbation theory to investigate if a hydrogen atom with magnetic moment due to the orbital angular momentum of the electron in the presence of an external electric field has hidden momentum. We compute the system hidden momentum using two different methods, attesting its existence and the consequent validity of the Lorentz force law in quantum systems. We also discuss how this result influences the long-standing AbrahamMinkowski debate about the momentum of light in material media [19] .
II. CLASSICAL HIDDEN MOMENTUM
Before doing our quantum calculations, let us present a brief description of the hidden momentum concept based on a simple classical example [9, 14, 15] . Consider a rectangular closed circuit carrying a stationary electric current generated by a bundle of non-interacting positive charges as depicted in the Fig. 1 . The circuit dipole magnetic moment is µ = −µẑ. When the circuit is in a region with a uniform electric field E = Ex, the particles on the left (right) segment of the circuit will be accelerated (decelerated) by this field, as shown in the figure. There are more charges moving to the left, but they have a smaller velocity in relation to the particles that move to the right, so if we consider that the momentum of each particle is M v, where M is the particle mass and v its velocity, the total momentum of the particles is zero. But if we consider that the momentum of each particle has the relativistic value γM v, with γ = 1/ 1 − v 2 /c 2 and c being the speed of light in vacuum, this results in a total relativistic momentum in the −ŷ direction for the particles given by µ × E/c 2 [9, 14, 15] . Since the dipole is not moving, this momentum received the name "hidden momentum" [8] . This hidden momentum is counterbalanced by the electromagnetic momentum that results from the integral of the electromagnetic momentum density ε 0 E × B in the whole space, where B is the magnetic field generated by the dipole and ε 0 is the vacuum permittivity, so the system total momentum is zero [12, 14, 15] . Several models for magnetic dipoles resulting from clas- sical electric currents predict the existence of hidden momentum [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . For example, one might prefer to treat the electric current not as a gas of charged particles, but rather as a charged incompressible fluid. In this case the hidden momentum results from a relativistic effect that comes from the difference in pressure between the top and the bottom segments of the circuit [12, 15] .
There may also be hidden momentum in objects with nonzero electric and magnetic dipole moments even without an external field [14, 15] . The general expression for hidden momentum in classical systems with static fields can be written as
where Φ represents the electric potential (Φ = −Ex in the example of Fig. 1 ), J is the system current density and the volume integral is performed in the whole space [14, 15] .
III. HIDDEN MOMENTUM IN A HYDROGEN ATOM
Now let us proceed to the quantum calculations. In our model for the hydrogen atom, the proton has an infinite mass and is fixed at the origin. The total Hamiltonian of the system formed by the hydrogen atom in the presence of an uniform electric field E = Ex can be written as
where p is the non-relativistic linear momentum operator for the electron, m e its mass, −e its charge, and V (r) is the proton Coulomb potential. H 0 represents the unperturbed Hamiltonian and H is the perturbation term. We will disregard the electron spin in our treatment.
Consider the system initially in the unperturbed state |ψ 2,1,1 . Since this state has magnetic moment in the −ẑ direction, we expect that the atom should carry hidden momentum in the −ŷ direction when there is an external electric field in thex direction filling all space, in analogy to the classical case. When this external electric field is present, the system state at time t = 0 can be written as
where |ψ
are the eigenstates of the unperturbed Hamiltonian and C n ,l ,m are small coefficients determined by perturbation theory [20] [21] [22] . In the Appendix we perform the explicit calculations for the state |ψ 2,1,1 using degenerate perturbation theory, justifying the form of Eq. (3) at a particular instant of time, chosen to be t = 0. In the following, we calculate the hidden momentum for different states of the form of Eq. (3) using two distinct methods. In the first one, we compute the expectation value of the relativistic momentum operator in the rest frame of the electronic cloud center-of-mass. In the second method, we use the quantum analogue of Eq.
(1) transforming J and Φ into operators. By showing that the two methods provide close non-zero results for the hidden momentum of different quantum states, we prove its existence in this quantum system. We attribute the small differences between the values obtained by the two methods to the inaccuracy of the perturbation theory method [22] . We consider the time t = 0 in all our calculations.
The state (3) is not an eigenstate of the Hamiltonian (2), so the expectation values of many operators change in time. For instance, in the Appendix we show that for the state |ψ 2,1,1 the electronic cloud center-of-mass oscillates around the nucleus. The system hidden momentum is equal to the relativistic linear momentum when the classical linear momentum is null. For this reason, it is much easier to perform the calculations in the rest frame of the electronic cloud center-of-mass S . But the nonrelativistic momentum operator p is defined in the proton rest frame S, where the electronic cloud center-of-mass has a (non-relativistic) velocity in theŷ direction given by ψ n,l,m |p|ψ n,l,m /m e ≡ v cŷ . The x and z components of this velocity were zero for all the quantum states we tested. Transforming the corresponding relativistic operator P = γp (with γ
where the superscript "(1)" was used to label the hidden momentum calculated from the expected value of the relativistic linear momentum operator. The x and z components of the hidden momentum computed with this method were zero for all the quantum states we tested.
In the following we use the superscript "(2)" to label the hidden momentum calculated by the second method. In our second method for computing the hidden momentum, we use the quantum analogue of Eq. (1). The current density J can be written as J = ρv = ρp/M , where ρ is a charge density, v is the velocity of this portion of charge, p its non-relativistic momentum and M its mass. The charge density of the electronic cloud, on the other hand, can be associated to −e|ψ n,l,m (r)| 2 , where ψ n,l,m (r) ≡ r|ψ n,l,m is the electron wavefunction. So the quantum analogue of Eq. (1) for the y component of the hidden momentum is an expectation value of the form
(5) Again, the x and z components of the hidden momentum computed with this method were zero for all the quantum states we tested. The above parameters and operators are in the reference frame S , corresponding to the atomic cloud center-of-mass rest frame. Since the velocity v cŷ of this frame in relation to the reference frame S that correspond to the proton rest frame is non-relativistic, we can consider the transformations r ≈ r,
In order to provide a physical interpretation of Eq. (5), it is convenient to rewrite it as a sum of two distinct terms
with
and
where µ B ≡ e /2m e is the Bohr magneton. Considering terms up to the first order in E, P (2a) hid from Eq. (7) is exact and we can associate it to µ × E/c 2 , since the magnetic moment of the unperturbed state is µ = −mµ Bẑ . P
(2b)
hid is related to fact that the perturbed hydrogen atom has nonzero electric and magnetic dipole moments, which causes a second contribution to the system hidden momentum.
Both methods for computing the system hidden momentum should be valid, so we expect to have P
hid . According to Eqs. (4), (6), (7), and (8) this equality can be written as
In order to check this claim, we computed numerically the values of (P (1)
hid )c 2 /(µ B E) for various quantum states. When computing the perturbed states, we considered their decomposition on the unperturbed states with n up to 20 in Eq. (3). In the Fig. 3 we plot the values for this quantity for different quantum states with the quantum number m varying from -5 to 5. The blue line is the prediction from Eq. (9). It can be seen that there is a good agreement between the hidden momentum values obtained with the two methods. We attribute the small differences to the inaccuracy of the perturbation theory method in determining the perturbed wavefunctions [22] . Now we consider the hydrogen atom in the state |ψ 3,1,−1 in the presence of an external electric field given by E = E (x cos θ +ẑ sin θ). In this situation we have P (2a)
2 cos(θ) up to the first order in E, which again can be associated to µ × E/c 2 . The x and z components of the hidden momentum are zero. In the Fig. 4 the red dots represent the numerical values obtained for (P (1) hid − P (2b) hid )c 2 /(µ B E) for different angles θ and the blue curve corresponds the expected expression cos(θ). Again, there is a good agreement.
The results expressed in the graphs of Figs. 3 and 4 attest to the existence of hidden momentum in the system, as required to guarantee the validity of the Lorentz force law in the quantum limit. This means that the equations for the force and torque on a quantum magnetic dipole with dipole moment µ due to the orbital angular momentum of quantum particles has the same form as the force and torque on a classical magnetic dipole with the same magnetic dipole moment µ.
It is important to make it clear that so far we have taken into account only the electron orbital angular momentum, disregarding the electron spin, to compute the atom magnetic moment and the hidden momentum in the system. But does an electron with magnetic moment resulting from its spin in the presence of an applied electric field have hidden momentum? We cannot answer this question using the method we have used so far, since there is no physical model for the origin of spin in terms of the movement of constituent parts of the electron. Even if we treat the problem using quantum field theory the question cannot be solved, since the electron is a fundamental particle with no constituent parts, so we cannot deduce if it has or if it has not hidden momentum in the presence of an external field. We then have two options: we can postulate that there is hidden momentum for spin or we can postulate that there is no hidden momentum for spin. The problem on postulating the non-existence of hidden momentum for spin is that, in order to avoid paradoxes, we would need two force equations in this case: one to the part of the magnetic moment that is due to spin and another (the Lorentz force) to the part of the magnetic moment that is due to the orbital angular momentum of the electron. This would be a weird choice, but the present work cannot deny this possibility. A much simpler alternative is to postulate the existence of hidden momentum for spin in the presence of an external electric field. In this way the Lorentz force law should be valid in generic quantum systems.
IV. ABRAHAM-MINKOWSKI DEBATE
The hidden momentum concept is related to a longstanding discussion, known as the Abraham-Minkowski debate, about the expression for the momentum density of electromagnetic waves in material media [19] . In the Abraham (Minkowski) formulation, this momentum density assumes the form
, where E is the electric field, B is the magnetic field, D ≡ ε 0 E + P is the electric displacement, and H ≡ B/µ o −M, with P and M being the polarization and magnetization of the medium. The eventual conclusion of this debate is that there are several ways for dividing the total energy-momentum tensor of the system in two parts, the electromagnetic and the material ones, which lead to the same experimental predictions for all measurable physical quantities [9, 19] . In this sense both Abraham and Minkowski formulations are incomplete, since they consider only the electromagnetic energy-momentum tensor, disregarding the material energy-momentum tensor. When the appropriate material tensors are taken into account for each formulation, the experimental predictions are the same [9, 19] . In a recent work, Barnett has shown that we can associate the Abraham and Minkowski momenta with the kinetic and canonical momenta of light, respectively [23] (see also [24] ). It was also recently shown by one of us that when the Lorentz force is used to compute the momentum transfer from the electromagnetic wave to the material medium, the electromagnetic part of the momentum density must be 0 E × B in order to obtain momentum conservation in several situations [25, 26] . In nonmagnetic media, 0 E × B is equal to the Abraham momentum. But in magnetized media there is a hidden momentum density M × E/c 2 , compatible with the use of the Lorentz force law, which is not associated to the motion of the material constituents, thus not being a kinetic momentum. When we consider only the material kinetic momentum, M×E/c 2 must be considered as part of the electromagnetic momentum density, that becomes
which is the Abraham momentum. So the existence of hidden momentum in the medium and the use of the Lorentz force law are consistent with the association of the Abraham momentum to the kinetic momentum of light, and consequently also to the association of the Minkowski momentum to the canonical momentum of light.
V. CONCLUSION
In this work we used perturbation theory to compute the hidden momentum of a hydrogen atom in the presence of an external electric field when the magnetic dipole moment is due to the orbital angular momentum of the electron. We used two different methods for computing this quantity and obtained the same results, evidencing the existence of hidden momentum in the system and the consequent validity of the Lorentz force law in quantum systems. This fact makes 0 E × B a valuable expression for the electromagnetic momentum of light in a medium, since it is compatible with the use of the Lorentz force law in computing the momentum transfer from light to the material medium.
and their respective eigenvalues are E We can see that m e d y (t) dt ≈ 1.09 p y (t). This difference between the values can be attributed to the inaccuracy of the perturbation theory method, which is not very precise for determining the perturbed states [22] .
At time t = 0, the perturbed state of Eq. (A.5) can be written as Note that if we are interested on the perturbed state at time t = 0, a diagonalization of the perturbation term H is not necessary. This is also true for the other perturbed states that we consider. For this reason in our work we use the expression (3) for the perturbed states to compute the system hidden momentum at time t = 0.
